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Abstract
Any one measurement with polarized light makes it possible to fix
the Mueller matrices of the Lorentz type with up to four arbitrary
numeric parameters (x, u; z, w). These parameters are subject to the
quadratic condition. It is demonstrated that the quadratic form can be
diagonalized; in the case of partially polarized light four diagonal coef-
ficients turn out to benon-zero and positive; in the case of completely
polarized light two diagonal coefficients equal to zero.
In [1, 2] it was shown that any one measurement with polarized light
makes it possible to fix the Mueller matrices of the Lorentz type with up to
four arbitrary numeric parameters x, u; z, w. These parameters are subject
to the quadratic condition
x2(A2 −B2) + 2xyA(B2 −A2) + y2[(A2 +B2 −B2)A2 −A2B2] =
= z2(B2 −A2) + 2zwB(A2 −B2) + w2[(A2 +B2 −A2)B2 −A2B2] + 1 .
(1)
The quantities A,A, B,B are defined by the initial and final Stokes 4-vectors
A = S + S′, B = S − S′, A = S+ S′, B = S− S′
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S > 0 , S′ > 0 , S2 − S2 = S
′2
− S
′2 = inv = +V 2 ≥ 0
A2 = S20 + S
′2
0 + 2S0S
′
0 = s
2 + s
′2 + 2ss′ ,
B2 = S20 + S
′
2
0 − 2S0S
′
0 = s
2 + s
′
2 − 2ss′ ,
A
2 = s2 + s
′
2 − 2V 2 + 2
√
s2 − V 2
√
s′2 − V 2 cosφ
B
2 = s2 + s
′2
− 2V 2 − 2
√
s2 − V 2
√
s′2 − V 2 cosφ (2)
numeric parameters x, u; z, w determine the parameters of possible Mueller
matrices of the Lorentzian type according to
n0 = Ax−A
2y , n = zA− wAB+ yA×B ,
m0 = −Bz +B
2w , m = xB− yBA+ wA×B . (3)
Note the different dimensions of the coordinates x, y, z, w:
[x] = [S]−1, [y] = [S]−2, [z] = [S]−1, [w] = [S]−2.
All 6 terms in (1) have such a structure such the dimensions of parameters
x, z and y,w are mutually compensated with corresponding dimensions [S]
and [S]2 variables formed from the initial and final Stokes 4-vectors, and
therefore all the quantities in equation (1) are dimensionless.
The task of the present paper is to explore the geometry of the surface (1)
in 4-dimensional space (x, y, z, w). In equation (1) we can see two quadratic
forms: in variables (x, y) and (z,W ), so one cane transform them to a
diagonal form:∣∣∣∣∣ xy
∣∣∣∣∣ =
∣∣∣∣∣ cosα sinα− sinα cosα
∣∣∣∣∣
∣∣∣∣∣ XY
∣∣∣∣∣ ,
∣∣∣∣∣ zw
∣∣∣∣∣ =
∣∣∣∣∣ cosα
′ sinα′
− sinα′ cosα′
∣∣∣∣∣
∣∣∣∣∣ ZW
∣∣∣∣∣ .
(4)
Substituting (4) into (1) and imposing requirements for the diagonalization
of two quadratic forms, we arrive at the following relations
tg 2α =
2 a
c− b
, tg 2α′ =
2 a′
c′ − b′
. (5)
X2(b cos2 α− a sin 2α+ c sin2 α) + Y 2(b sin2 α+ a sin 2α+ c cos2 α) =
= Z2(b′ cos2 α′−a′ sin 2α′+c′ sin2 α′)+W 2(b′ sin2 α′+a′ sin 2α′+c′ cos2 α′)+1 ,
(6)
where the notation is used
(A2 −B2) = b , A(B2 −A2) = a , (A2 +B2 −B2)A2 −A2B2 = c ,
2
(B2−A2) = b′ , B(A2−B2) = a′ , (B2+A2−A2)B2−A2B2 = c′ .
(7)
Further, taking into account the elementary relations
cos 2α = ±
1√
1 + tg22α
= ±
(c− b)√
(c− b)2 + 4a2
,
sin 2α = ±
2a√
(c− b)2 + 4a2
,
cos2 α =
√
(c− b)2 + 4a2 ± (c− b)
2
√
(c− b)2 + 4a2
,
sin2 α =
√
(c− b)2 + 4a2 ∓ (c− b)
2
√
(c− b)2 + 4a2
we arrive at (let δ, δ′ = ±1)
X2
(
b+ c
2
− δ
√
(b+ c)2 − 4(bc− a2)
2
)
+
+Y 2
(
b+ c
2
+ δ
√
(b+ c)2 − 4(bc − a2)
2
)
−
−Z2

b′ + c′
2
− δ′
√
(b′ + c′)2 − 4(b′c′ − a
′2)
2

−
−W 2

b′ + c′
2
+ δ′
√
(b′ + c′)2 − 4(b′c′ − a′2)
2

 = 1 . (8)
First, we assume isotropic Stokes vectors: V 2 = 0. This will simplify the
analysis, since
A2 = s2 + s
′
2 + 2ss′ , B2 = s2 + s
′
2 − 2ss′ ,
A
2 = s2 + s
′2 + 2ss′ cosφ , B2 = s2 + s
′2
− 2ss′ cosφ .
We calculate
b = 2ss′(1 + cosφ) , c = (s+ s′)22ss′(1 + cosφ) .
b+ c = 2ss′(1 + cosφ) + (s+ s′)22ss′(1 + cosφ) ≥ 0 .
a2 = (s2 + s
′
2 + 2ss′)(2ss′)2 (1 + cosφ)2 , bc− a2 = 0 . (9a)
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Therefore, if δ = +1, in (8) the coefficient at X2 is zero and the coefficient
at Y 2 is positive (b + c) > 0. When δ = +1, the coefficient at Y 2 is zero,
and the coefficient at X2 is positive (b+ c) > 0.
In this case (for definiteness, let δ = +1)
cos2 α =
c
c+ b
=
(s+ s′)2
1 + (s+ s′)2
,
sin2 α =
b
c+ b
=
1
1 + (s+ s′)2
. (9b)
Analyzing the coefficients of the Z2,W 2, we get
b′ = −2ss′(1 + cosφ) < 0 , c′ = −(s− s′)22ss′(1 + cosφ) < 0 ,
b′ + c′ = −2ss′(1 + cosφ)− (s− s′)22ss′(1 + cosφ) ≤ 0 .
a
′
2 = (s− s′)2(2ss′)2 (1 + cosφ)2 , b′c′ − a
′
2 = 0 . (10a)
Thus, in (8) the coefficient at Z2 is zero and the coefficient atW 2 is negative
b′ + c′ ≤ 0 (we assume δ′ = +1). In this case
cos2 α′ =
c′
c′ + b′
=
(s− s′)2
1 + (s− s′)2
,
sin2 α′ =
b′
c′ + b′
=
1
1 + (s− s′)2
. (10b)
Therefore, the set of Mueller matrices, connecting two states completely
polarized light, are described by the relation
0 X2 + (b+ c)Y 2 − 0 Z2 − (b′ + c′)W 2 = +1 . (11a)
The whole set of Mueller matrices, defined by the pair of isotropic Stokes
vectors can be specified by following three independent variables:
X, Z are arbitrary, Y =
cos Γ√
+(b+ c)
,
W =
sin Γ√
−(b′ + c′)
, Γ ∈ [0, 2pi] . (11b)
Let us consider another simple case. Let an initial beam is the natural
light, then
S0 = s , S = 0 , V
2 = s2, s′ > s ,
4
A2 = s2 + s
′2 + 2ss′ , B2 = s2 + s
′2
− 2ss′ ,
A
2 = s
′
2 − s2 , B2 = s
′
2 − s2 . (12a)
We calculate
b = 2s2 + 2ss′ = 2s(s′ + s) > 0 , c = 2s(s′ + s)(s′ − s)2 > 0 ,
a2 = 4s2(s′ + s)2(s′ − s)2 , bc− a2 = 0 . (12b)
The coefficient at X2 is zero, and that at Y 2 equals (b+ c):
b+ c = +2s(s′ + s)[1 + (s′ − s)2] , (12c)
in this case
cos2 α =
c
c+ b
=
(s′ − s)2
1 + (s′ − s)2
,
sin2 α =
b
c+ b
=
1
1 + (s′ − s)2
. (12d)
Similarly, examine the coefficients at Z2 and W 2:
b′ = −2s(s′ − s) < 0 , c′ = −2s(s+ s′)(s
′
2 − s2) < 0 ,
a
′2 = 4s2(s′ − s)2(s′ + s)2, b′c′ − a
′2 = 0 . (13a)
The coefficient at Z2 is equal to zero, ant the coefficient atW 2 equals (b′+c′):
b′ + c′ = −2s(s′ − s)[1 + (s′ + s)2] , (13b)
in this case
cos2 α′ =
c′
c′ + b′
=
(s′ + s)2
1 + (s′ + s)2
,
sin2 α′ =
b′
c′ + b′
=
1
1 + (s′ + s)2
. (13c)
The basic quadratic equation takes the form
0 X2 + (b+ c)Y 2 − 0 Z2 − (b′ + c′)W 2 = +1 , (14a)
+(b+ c) = 2s(s′ + s)[1 + (s′ − s)2] ,
−(b′ + c′) = 2s(s′ − s)[1 + (s′ + s)2] . (14b)
Let us consider another simple case, when an initial beam is partially
polarized, and the final beam is the natural light:
s′ = V , s > s′ , A2 = s2 − s
′
2 , B2 = s2 − s
′
2 ,
5
A2 = s2 + s
′2 + 2ss′ , B2 = s2 + s
′2
− 2ss′ .
b = +2s′(s+ s′) > 0 , b′ = 2s
′2
− 2ss′ = −2s′(s− s′) < 0 ,
c = 2s′(s − s′)(s2 − s
′
2) > 0 , c′ = −2s′(s+ s′)(s2 − s
′
2) < 0 ,
a2 = 4s
′
2(s+ s′)2(s′ − s)2 , a
′
2 = 4s
′
2(s− s′)2(s′ + s)2 . (15a)
We see that the equalities bc−a2 = 0 , b′c′−a
′2 = 0. The basic quadratic
equation takes the form
0 X2 + (b+ c)Y 2 − 0 Z2 − (b′ + c′)W 2 = +1 . (15b)
Let us consider another simple case: a set of Mueller matrices that do
not change of light intensity s′ = s; in this case
A2 = 4s2 , B2 = 0 ,
A
2 = 2(s2 − V 2)(1 + cosφ) ,
B
2 = 2(s2 − V 2)(1 − cosφ) . (16a)
The basic quadratic equation takes the form
x2(A2 −B2)− 2xyAA2 + y2(A2 +B2)A2+
+2(s2 − V 2)(1 + cosφ) Z2+
+8V 2(s2 − V 2)(1 − cosφ)W 2 = +1 . (16b)
We need only to diagonalize the first quadratic form. After calculation
we get
b = 2
[
V 2(1− cosφ) + s2(1 + cosφ)
]
> 0 ,
c = 8(s2 − V 2)2(1 + cosφ) > 0 ,
a2 = 16s2(s2 − V 2)2(1 + cosφ)2 ,
bc− a2 = 16V 2 sin2 φ (s2 − V 2)2 > 0 . (16c)
It follows that the first quadratic form is also reduced to diagonal form
with positive coefficients.
A situation where the initial and final light beams are partially polarized,
is the most difficult. The coefficients of a diagonalized quadratic form can
be calculated explicitly and they are positive.
Let us detail this subject as well. First, We find
b = 2V 2 + 2ss′
(
1 +
√
1− V 2/s2
√
1− V 2/s′2 cosφ
)
> 2V 2 ≥ 0 ,
6
c = [(s + s′)2 − 4V 2]×
×
[
(s− s′)2 − 2V 2 + 2ss′
(
1 +
√
1− V 2/s2
√
1− V 2/s
′2 cosφ
)]
−
−(s+ s′)2(s− s′)2 .
In turn, we obtain
b+ c =
(
2ss′ + 2cosφ
√
s2 − V 2
√
s′2 − V 2
) (
1 + [(s + s′)2 − 4V 2]
)
+
+2V 2 − 2V 2[(s + s′)2 − 4V 2]− 4V 2(s− s′)2 . (17a)
At φ = pi we have the minimal values for (b+ c):
(b+ c)min =
(
2ss′ − 2
√
s2 − V 2
√
s
′2 − V 2
) (
1 + [(s + s′)2 − 4V 2]
)
+
+2V 2
(
1− [(s + s′)2 − 4V 2]
)
− 4V 2(s− s′)2 ; (17b)
Numerical calculation shows that the quantity (b + c)min is positive (see
Fig.1)
Fig. 1: (b+ c)min(V = 1)
Additionally let us calculate
a2 = (s2 + s
′
2 + 2ss′) (2V 2 − 2ss′ − 2
√
s2 − V 2
√
s′2 − V 2 cosφ)2 . (18a)
and
bc− a2 = −16V 2 sin2 φ (s2V 2 + s
′
2V 2 − s2s
′
2 − V 4) =
= 16V 2 sin2 φ (s2 − V 2)(s
′
2 − V 2) > 0 (18b)
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Turning to coefficients at X2, Y 2 in (8)
X2
(
b+ c
2
− δ
√
(b+ c)2 − 4(bc− a2)
2
)
+
+Y 2
(
b+ c
2
+ δ
√
(b+ c)2 − 4(bc− a2)
2
)
− ... = 1 (18c)
we conclude that they both are positive
Now we analyze coefficient at Z2,W 2. After simple calculation we get
b′ = −2ss′ + 2V 2 − 2 cos φ
√
s2 − V 2
√
s′2 − V 2 =
c′ =
(
s2 + s
′2
− 4V 2 − 2ss′
) (
s2 + s
′2
− 2V 2 − 2 cos φ
√
s2 − V 2
√
s′2 − V 2
)
−
−(s2 + s
′2 + 2ss′) (s2 + s
′2
− 2ss′) .
b′ + c′ = −
(
2ss′ + 2cosφ
√
s2 − V 2
√
s′2 − V 2
)(
1 + [(s − s′)2 − 4V 2]
)
+
+2V 2 − 2V 2[(s − s′)2 − 4V 2]− 4V 2(s+ s′)2 . (19a)
Numerical calculation shows that the quantity (b′ + c′)max is negative
(see Fig.2)
Fig. 2: (b′ + c′)max(V = 1)
Additionally we find
a
′2 =
(
s2 + s
′2
− 2ss′
) (
2V 2 + 2ss′ + 2cos φ
√
s2 − V 2
√
s′2 − V 2
)2
.
b′c′ − a
′
2 = −16V 2 sin2 φ (s2V 2 + s
′
2V 2 − s2s
′
2 − V 4) =
8
= 16V 2 sin2 φ (s2 − V 2)(s
′2
− V 2) > 0 (19b)
Therefore, coefficients at Z2 W 2 in (8) are positive
...− Z2

b′ + c′
2
− δ′
√
(b′ + c′)2 − 4(b′c′ − a′2)
2

−
−W 2

b′ + c′
2
+ δ′
√
(b′ + c′)2 − 4(b′c′ − a′2)
2

 = 1 . (19c)
Conclusion: Any one measurement with polarized light makes it pos-
sible to fix the Mueller matrices of the Lorentz type with up to four ar-
bitrary numeric parameters (x, u); (z, w). These parameters are subject to
the quadratic condition. It is demonstrated that both quadratic forms, in
variables (x, y) and (z, w), can be diagonalized; in the case of partially po-
larized light four diagonal coefficients turn out to be positive; in the case of
completely polarized light two diagonal coefficient equal to zero.
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